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Abstract 


We propose a priori estimates for a weak solution to the derivative 
nonlinear Schrodinger equation (DNLS) on torus with small L^-norm da¬ 
tum in low regularity Sobolev spaces. These estimates allow us to show 
the existence of solutions in 11“ (T) with some s < 1/2 in a relatively weak 
sense. Furthermore we make some remarks on the error estimates arising 
from the finite dimensional approximation solutions of DNLS using the 
Fourier-Lesbesgue type as auxiliary spaces, despite the fact that Nahmod, 

Oh, Rey-Bullet and Staffilani m have already seen them. 
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1 Introduction 

In this paper we consider the Cauchy problem for the derivative nonlinear 

Schrodinger equation (DNLS) on the torus: 



u{0, x) = uo{x), x S T, 


( 1 . 2 ) 


where 



*This work was supported by JSPS KAKENHI Grant Number 10322794. 


1 



2 


Hideo Takaoka 


T = R/27rZ is the torus and u = u{t,x) : [—T,T] x T —>■ C. Our aim in this 
paper is to revisit the classical subject of a priori estimates of solutions to ini- 
The equation dm possesses important conserved quantities; conserved 
mass M, conserved energy E , conserved momentum P, where 

M[u]{t) = / \u{t^x)\^ dx^ 

Jo 


E[u\{t) = J ^\dj;u{t,x)\'^ -^lm{\u{t,x)\‘^u{t,x)da;u{t,x)) - ^\u{t,x)\'^'^ dx, 
P[u]{t) = J ^m{u{t,x)dxu{t,x)) + ^\u{t,x)\'^'^ dx. 


Formally solutions of (HID satisfy 


M[u]{t) = M[u]{0), E[u]{t) = E[u]{0), P[M](t) = P[m](0). 

Therefore M[u], E{u), P[u] remain constant through time as well. 

There are a handful of other form of the derivative nonlinear Schrodinger 
equations. Supposing that u is sufficiently smooth solution to (HID, the norm 
remains constant through time (mass conservation) 

M[u]{t) = \\uml. = \\uo\\h. 

We impose by putting the constant /r = ||uo|||2/27r in (11.111 . and define the 
transformation 

vXx) = + (1.3) 


where 

^ n2‘K nX 

g[u]{t,x) = — / {\u{t,y)\^ - n) dyde. 

^ 0 *^9 

This transformation is known as a gauge transformation. By means of the 
gauge transformation, we can change the nonlinear terms in familiar type. In 
m, if one rewrites the equation (nm as the transform lESl), one obtains that 
V = v{t,x) satisfies the simple one: 

idtv + d^v = idxi\v\‘^v). (1.4) 

The two models uni) and (d are equivalent in some sense. We point out that 
the nonlinearity S^d'c^n) is unfavorable. The equation m contains mixed 
derivative nonlinear terms 9a;(|npn) = InpUa, + 2v'^v^ relating only two terms 
jupUa;, v'^v^. In dealing with the nonlinearity of the form \v\’^Vx, the standard 
energy method does not work and we encounter a difficulty of the derivative 
loss, see m- In order to overcome this difficulty, we focus our attention on the 
equation (HID, permitting more nonlinear terms than (HID- 

Herr [10] proved the local well-posedness to (HID-d in for s > 1/2. 
When the norm is small, one can combine the energy conservation law with 
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local well-posedness theory to obtain the global well-posedness in iJ® for s > 
1 (by the Gagliardo-Nirenberg interpolation inequality). For global solutions 
below the energy threshold, the global well-posedness was obtained by Su Win 
[19] to ()l.ip - (ll.2[l in if® for s > 1/2. We remark that the index s = 1/2 is 
well-posedness regularity threshold. Indeed, the uniform continuity of the flow 
map, as a map from any ball of 7J® into C([—T,T], 7J®) at any time T > 0, 
does not hold if s < 1/2, see [TT] . 

Concerning the whole real line case without periodic boundary condition, 
the best local well-posedness was known in i/®(K.) for s > 1/2, see [HI [51 ITS] . 
This result is sharp with respect to the lower threshold on s, which is essentially 
of the same kind as the one for the periodic boundary condition case. Moreover 
there was also global well-posedness for data in H^{R) for s > 1/2, see [51IT3]. 

In the present paper we will consider the existence of local in time solution 
in the case of periodic boundary condition for data below the threshold s = \I2. 
More precisely, we prove the following theorem. 

Theorem 1.1 (existence and continuity of solutions). Let 4/9-|-a/9 < s < 
min{l/2, 3a/2} and a > 8/25. There exists a positive constant e > 0 such that 
if uq € iJ® is small norm so that ||uo||l 2 < e, then there exist a positive time 
T > 0 and a weak solution uit) to \1. on t G [—T, T] with 

ue r“nC'([-T,T], iJ®), 


sup 

-T<t<T 


||P>WM(i)l|ff'’ < CWPyCNUoWn^ + 


for any N > 0, where P>m means the restriction operator with Fourier modes 
truncation |^| > M, and constants C and e > 0 depend only on ||uo||_fr3. Flere 
the space is defined in Seetion[^ 


Remark 1.1. The lower available value of s achieved in Theorem o is s = 
12/25 -I- 4e/9 when a = 8/25 -I- e. 

Remark 1.2. (i) In [1], Biagioni and Linares proved that the Cauchy problem 

associated to p.4ll is ill-posed in iL® for s < 1/2 in the sense that the 
solution map fails to be uniformly continuous. Furthermore, Criinrock 
and Herr m mentioned that the failure of uniform continuity is shown 
in PL®’P for s < 1/2 and r S [l,oo], where PL®’^’ is called the Fourier- 
Lebesgue space. 


J-L®’^> = {fGV'\ e 


where 

\\fyL^-r = mrf{mq. 

with denoting the standard sequence space. 
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(ii) In Griinrock and Herr proved that if uq € with 2 < p < 4 

then the local well-posedness holds. One immediately sees that the solu¬ 
tion u[k) obtained in Theorem II.11 is unique under the additional assump¬ 
tion on the initial data uq G for some 2 < p < 43- 

The reminder of the paper contains the finite dimensional approximation 
result in a low regularity Sobolev spaces, which are essentially of the same kind 
as the one already obtained by Nahmod, Oh, Rey-Bullet and Stafhlani in [12]. 
It was shown in [12] that the dynamics of approximate that of the equation 
cu in with s > 1/2 and 2 < p < 4 along with the uniform probabilistic 

energy estimate for the approximating solutions had its origin in [3] allows one to 
establish global well-posedness almost surely in where the key ingredient 

is the finite dimensional approximation lemma. We revisit and deduce the strong 
approximation lemma in iJ® O with l/4<s<l/2<si and 2 < p < 4. 

Following [12], consider the finite dimensional approximation of (DNLS): 

idtu^ + dlu^ = -iP<N{,{u^ fd^u^) - ^P<Ni\u^\^u^) 



(1.5) 

(0,a:) = P<nuo{x), 

(1.6) 


where P<n means the restriction operator with Fourier modes truncation |^| < 
N. Comparing solutions of (inj-dLi]) and (IT3])-(fT:6l). we obtain a priori error 
estimates for the finite dimensional approximation. 

Denote ||uo||ff'*n. 7 ^L'*i’P = + ||w||. 7 ^L'*i.p. The result is given by the 

following theorem. 

Theorem 1.2 (approximation lemma). Let 1/4 < s < 1/2 < si and 2 < p < 
4. Let N and A be constants. Assume that uq G iJ® fl PL’^^'P he such that 
||■uo||^r'>n.FL'’l’“ < A, and the solution u^{t) of il.5\) with data U.6\) satisfies 
the bound 


.N 


wl 


< A 


for all t G [—T, T] for some given T > 0. Then the Cauchy problem il.ll) with 
data is well-posed on [—T,T] and there exists constants Cj, 1 < / < 3 
such that the solution u{t) of satisfies the following estimate 


< C'iexp[C'2(l + A)'^®T]Af““{®'-®’®'i-®i>, (1.7) 

for all t G [—T,T], 1/4 < s' < s and 1/2 < < si, provided the right-hand 

side of (n> remains less than 1. 

As a byproduct of the a priori error estimates in Theorem 1 1.21 we can prove 
almost global well-posedness for the initial data in the support of the canonical 


^For more details, refer to the proof of Theorem ll.2l in Section [8] in this paper. 
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Gaussian measures on fl for each l/4<s<l/2<si and 2 < p < 4. 

As it was explained before, this result was already known in |12) . where they 
proved that the local in time solutions can be extended to be global ones almost 
surely in for some s > 1/2 and 2 < p < 4. Note that using Theorem 1 1.2 1 it 

is possible to give the a priori bound of norm of the solution to (HU as well 
as that of norm. The proof of the almost sure global well-posedness in 

n ’P is accomplished by using Theorem 11.21 based on the same argument 
as in |12] . Hence we will only give a proof of Theorem 11.21 in this paper. 

The outline of the paper is organized as follows. In Section [2l we give some 
additional notation that is used throughout the paper, and introduce the some 
dispersive properties of solutions of the linear Schrodinger equation. In Section 
[21 we divide the nonlinearity into ’’resonant” and ’’nonresonant” components. 
In Sections H] and [51 we exploit several multilinear estimates. In Section [SI we 
derive the a priori estimates that are applied in Section jT] In Section |7l we 
prove Theorem ll.il Finally, in Section El we provide the proof of Theorem 11.21 


2 Notation and preliminary results 

In this section we define some notation that is used in this article, and present 
some preliminary results. 


2.1 Notation 

Let (j) G be a bump function adapted to [—2, 2] which equals to 1 on 

[—1,1]. Also define such that tpiO = 1 ~ '/(C)- Set (/p(t) = 

and V’p(C) = for P > 0. 

Let XT{t) be the characteristic function that is equal to 1 on |t| < T and is 
equal to 0 on \t\ > T. For a set A, 1a denotes the characteristic function of A. 

We prefer to use notation (x) = (1 + for a; G R. Write ^ki for Cfc +Ci- 

The Fourier transform with respect to the space variable (discrete Fourier 
transform) is defined by 


J-,/(C) = ^/ e-“«/(x)dx, eez, 

V27r Jo 

and with respect to the time variable by 

1 r°° 

= -= / e dt, T G R, 

V J — CO 

and T = Particularly, the independent variable t represents time, and 

thus T is used for variable in time frequency space. Therefore, ^ will represent 
the Fourier transform variable with respect to space variable x. We also use the 
same Fourier transform definitions u(^) denote if the confusion does not 

arise from the above definition. 
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For 1 < p,q < oo, we use the mixed norm notation ||/||L’ij with norm 



with the obvious modification when q = oo. For T > 0, we also use ||/||l^lp to 
denote the norm 



with the obvious modification when q = oo. 

We use c, C to denote various constants, usually depending only on s. We 
use A < B to denote A < CB for some constant C > 0. Similarly, we write 
A ^ B to mean A < B and B < A. 

For TV G N, the operator P<n denotes the restriction operator to the N 
first Fourier modes, as is readily used. The operators P>n and Pn denote the 
restriction operators to |^| > N and |^| = N Fourier modes, respectively. 

For s, & G R and 1 < p, q < oo, we define the norm [n]by 




We will make use of two parameter spaces with norm [2] 


.b, 

and define the slightly stronger norm space T® by 



Mrs = llr^ll 


1/2 + ||u||;t.o 


' 2,1 


,0 . 


We also need the companion space Z‘^ which is defined by the norm 



Also define the norm space 3^® by 


^p,2 P,1 


and the relevant companion space by 


||U|U«.P = ||W|| .,-1/2 + ||U||;^,. -1. 

P, 1 Pi 1 


For T > 0, we define the restriction norm spaces 

= {u\-T<t<T I u G AT®’^}, 


with norm 


||tt ||^^,6 = inf{||[/||jf.,i, I U\-T<t<T = m}- 
Also define Yf., Z^, and in the same manner, respectively. 
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Remark 2.1. Using Riemann-Lebesgue lemma, we easily see that 

r® ^(R; R^), ^ ^(R; TL^’P). 

Remark 2.2 (Lemma 3.2 in j^). We remark that there is a duality relationship 
between F® and F®. Indeed, one can verify thalU 



XT{t)u{t, x)v{t, x) dtdx 


< 


\U\\Yd\V\\z- 


for all s G R and T > 0. In particular, if 0 < Ti < T 2 , then 


( 2 . 1 ) 


M 




< Ikll 




( 2 . 2 ) 


For complex-valued n functions /i, / 2 ,..., fn defined on the set Z of inte¬ 
gers, we write the discrete convolution (convolution sum) fn]{0 

as 

n 

[fl* f 2 * ■■■* fn]{0 = X! II )> 

* i=i 


where denotes a summation over the set where ■Ci + ^2 + • ■ • + Cn 
write 


[91 * 92 * ■ ■ ■ * gnlir) 



Also 


where denotes an integration over the set where ti + T 2 + ... + Tn = r. 

It is convenient to introduce some useful notation for multilinear expressions. 
If fc > 2 is an even integer, we define the hyperplane 


rn = {(ei,...,en)GR"|6+---+en=0}. 

For any function m(^i,..., ^„) on F„, we define the n-multilinear form 

n n 

^m(^i,...,^„)]^/(Cj) = w(Ci,...,Cn)n-/’(^t)- 

Tn j=i («i.---,€n)er„ j=i 

Also define 



^Exactly the same proof in [7] works for the Schrodinger equation, while the KdV equation 
is considered in [3- 
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2.2 Dispersive estimates 

In this subsection, we list a series of estimates for solutions of linear problem 
and the inhomogeneous problem associated to the equation (HU. 

Lemma 2.1. For all s G M, 




/ e 

Jo 






< 


Proof. For (j2.3ll and (12.41) . see [6l Lemmas 7.1 and 7.2]. 
Lemma 2.2. (i) If 2 < p < oo, b > 1/2 — 1/p, we have 


^ Iklljc'*.'>• 


(2.3) 

(2.4) 


(2.5) 


(ii) If 2 < p,q < oo, b > 1/2 — 1/p, s >1/2 — 1/q, we have 


^ l|w||v‘».<>. (2.6) 

(in) If 1 < p <2, b <1/2— 1/p, we have 

^ (2.7) 


(iv) If —b',b > 3/8, we have 

lh||L4^ < ||w||xo.o, (2.8) 

and 

l|w|lx»><>' ^ (2.9) 

Proof. See [5] and [TU] . 

Remark 2.3. Interpolating between (12.61) with p = 8, q = 2 and (12.81) . we have 
that 


||m|| ^ 4 < llujjxo.b, (2.10) 

r 2 — e T 1 + e 

for 0 < e < 1 and b > 3/8. Also by (12.61) we have 

||u|l 4 ^ < ||u|| (2.11) 

r e r i — X 4 ’ 

J-'X 

for 0 < e < 1/2 and b > 1/2 — e/4. 

Lemma 2.3. Let s G R and 0 < T < 1. 
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(i) For 0 < 6i < 62 < 1/2 or —1/2 < &i < &2 < 0, there exists c > 0 such that 

( 2 . 12 ) 

(ii) For any J > 0 there exists c > 0 such that 

UTf\\x^a/2 < cT-i/||^.,v2, (2.13) 

and 

Ut/Wy^ < cT-i/ll^.. (2.14) 

(Hi) For 0 < b < 1/2, there exists c > 0 such that 

IIxt/IU^,-. < c||/|U^,.. (2.15) 


Proof. See [TO] for the proof of (i) and (ii). The proof of (iii) follows from the 
Leibniz rule for fractional derivative, XT{t) € and ||xT||_f/6 < c. □ 

Remark 2.4. All of the estimates (I2.3I) - (I2.4I) in Lemma ETT] and (I2.12I) - (I2.15I) in 
Lemma [2?3l still hold with replacing F'*, Z®, iL®, respectively. 

For the proof, see m Lemma 7.1]. 

In the following trilinear estimate was proven. 


Lemma 2.4. jlll Lemma 5.1] For 1/3 < b < 1/2 and s > 3(1/2 — b), the 
estimate 


n 

j=i 


Ui 


< 


||ui||x«.b||w2||j)s:«.^l|w3||xo.^ 


(2.16) 


holds true. 


3 A resonant decomposition 

In this section we discuss the structural nonlinear properties of the equation 
(HU. Defining 


Af[u] = —iu‘^dj;U — -jupu + fi\ufu — ')p[u]u, 


= —iu^dxU — — 21m(udxu){t,6) 


dO u 
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where /r = ||uo||^2/27r is a constant, we have that the nonlinear term in 
equation dD can be decomposed of an effective cubic nonlinear term with 
derivative plus other terms IV 2 M without spatial derivatives. In this 

section we reformulate the cubic derivative nonlinear term [u] with a resonant 
decomposition. 

The derivative cubic nonlinear terms Ni [m] are roughly classified into a non¬ 
linear regimes of the non-resonance interaction modes and the resonance inter¬ 
action modes. Firstly, we identify these interaction modes. The reason behind 
this classification is that the resonance interaction mode can be easier to handle 
by taking energy estimates in subsection l6.ll 

We adapt the spatial Fourier transform to Ni [m] , so that 

* 

Let us consider the algebraic identity: for ^ + ^2 + ^3 

C? - + Cl - C' = -2(Ci - 0(6 - 0- 

Using this identity we distinguish summation over all indices 0 0 (1 ^ J ^ 3); 

(i) (0-0(0-0?^o, 

(ii) 0 = Cl Cl + C 2 = 0, 

(hi) = ^, ,^2 + Cs = 0. 

The cases (ii) and (iii) are not complementary to each other. The case for 
redundancy between (ii) and (iii) is Ci = Ca = ~^2 = C- Due to the fact that 
(Cl - C)(C3 - 0 = 0 in (ii) or (iii): have 

E = E + E - E 

5i-|-?2-|-C3 = ? C3 = 5 ?1=C3 = — 

(5i“S)(? 3—4)=0 Cl-|-C2=0 ?2-|-C3=0 ?1-|-52=?2-|-C3=0 

Because of this, we have 

= iVii[M](t,o+ ^^i2M(t,C), 
where = Nii{u,u,u), A^i 2 [u] = Ni 2 {u,u,u), 

Nii{ui,U2,U3){t,^) = — ^ uT(t,Cl)C2U2(t,C2)M3(LC3), (3.1) 


(Cl -C)(C3-C)#o 
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and 

Ni2{ui,U2,U3){t,^) = (3-2) 

Since the nonlinear resonance forced by (^i — C)(^3 ~ 0 = 0 is the occurrence 
resonance of resonance in a nonlinearity we say -/Vii[u] and Ni 2 [u\ as the 

non-resonance and resonance terms, respectively. The resonance term iVi 2 [M] 
corresponds to forced oscillations that may oscillate with greater amplitude 
than at 

For other terms in [m] , define 

iV2l[u] = (3.3) 

N 22 [u] = (^J \u{t,e)\'^ d9^ u, 

so that 

A^2['w] = .^21 [m] + N22[u]. 

In conclusion, we show that the nonlinear term IV [m] of equation can be expanded 
as follows: 

2 

N[u] = -I- N 2 [u] = ^ Nki[u]. (3.4) 

k,l=l 

Remark 3.1. We shall need s > 1/2, if we are to control terms iVii[u] and 
-^12 [w] by the Picard iteration scheme on the integral equation associated to 
(fra-ifiii). Indeed, in m it is shown that the Cauchy problem (II.4I) - (I1.2I) is 
analytically locally well-posed in for s > 1/2. Moreover in [I], the Cauchy 
problem is shown to be locally ill-posed in if® for s < 1/2. The key 

estimate in which local well-posedness in iV® for s > 1/2 is the trilinear X®’^ 
estimate 

||ui9xU2M3||x*"-i/ 2 < llx-’U/a ||m2||js:®U/2 ||u3||x*.i/ 2 
for all functions Uj (1 < j < 3), where s > 1/2. Using this and the standard 
computation [3], we obtain the local existence theory for s > 1/2. To get down 
to s > 1/2, we prove local a priori estimates for energy-based methods. 


4 Multilinear estimates I 

In this section we illustrate several multilinear estimates. 

4.1 Trilinear estimates 

We take the advantage of the identity 

4 

^ (r, + = 2^12^14 

1=1 

which holds whenever U = 


(4.1) 
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Lemma 4.1. Let 4/9 + a/9 < s < 1/2 and a > 1/4. Then there exists 1/3 < 
b < 1(2 such that 


\\Nll{Ul,U2, U3)\\xa,-1/2 

3 3 3 3 

k—1 j — k—1 j—l^^k 

3 3 

+ y^ \\uk\\L^Hg • 

k=l j=l,^k 


Proof. We require the following estimates: 

^PNii{ui,U2,U3){t,^) 


(e)“ 


(r +^ 2 ) 1/2 
3 


(4.2) 




3 3 3 3 

< eii“aiia-« n ii»tix.A+i: IIUfcllxo.i /2 

k—1 j — l^^k k—1 j—l^^k 

3 3 

+ y~! \Wk\\LlH‘^ n + IlMillif/Zj) • 


fc=l 


i=1.7^fe 


By ( 13 . 11 ) . we see that 

PNii{ui,U 2 ,U 3 ){T,f) = C ^ J^Ui{ti,^i)J^U^{t 2 ,^ 2 )^U 3 {t 3 ,^ 3 ). 

^ t/ 5(t 

(5i-?)(C3-?)#o 

Use the dyadic partition 

- (G)^ Kj - {Tj + {-iy~^^j) for 1 < j < 3 , 

N^^iO, Ki-^{T + e), 

and 

-^12 IC 12 I, Nli 1^141- 

Using Littlewoods-Paley decomposition for Uj , we separate the integral and sum 
of the areas into the following cases: 

(a 4 i) N2 <C min{fVi,iV3} and max{ivri, ifa} = max{Ki, K2, K3, K4}, 

{A2) minjiVijiVa} < iV2 < max{A^i,iV3} and Wt <C N2, 

(As) N2 > maxjiVi, A^a} and max{Ar2, ^14} = maxlATi, 1^2, Ala, ^4}, 

(.44) N2 < min{A^i, 7 Va} and max{Ar2,^14} = max{Ari, ATa, Ala,^14}, 

(As) minjiVi, A^a} ^ -^2 ^ max{A^i, A^a} and A^i 2 > N 4 > N 2 , 

(As) N2 » maxIA^i, A^a} and maxlATi, ATa} = maxli^i, ATa, Ala,^14}, 
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(Ay) min{A^i, N^} < -/V 2 < max{iVi, N 3 } and N 2 < N 12 N 4 , 

(Ag) min{A^i, iVa} < -/V 2 < maxjiVijiVa} and max{7V2,iV4} ^ min{7V2, iV 4 } 
Ni2, 

(Ag) minjA^i, A^a} < IV2 ^ niaxjiVi, A3} and maxIA^g,-^4} min{A^2,-^4} ^ 

iVi 2 . 

In cases {Aj), 1 < j < 8, we estimate the contributions of these cases to the 
left-hand side of (14.21) by 


3 3 

c^\\uk\\x-an n 

k=l 

On the other hand, in case (^ 9 ), we estimate the contribution of this case to 
the left-hand side of (|4.2I) by 

33 33 

||u/c||xa,i/2 \\Uj\\LlH‘+c'^\\uk\\L^H^ H‘ + \\Uj\\i^a^s). 

k—1 k—1 j—l^^k 

We will postpone the proof of case (Ag) in Lemma 021 and consider the cases 
that from (Ai) through (Ag) here. 

In cases (Aj), I < j < 8 , it is convenient to use the change of variables 
^4 = —^ and T 4 = —T. Using duality, in these cases, it suffices to prove that 


/ Y] lA,.Ci4?34#o('r,f)J^Mi('ri,^i)J'i93,U2(T2,6)-^'a3(T3,^3)JuJ(T4,gi.}) 
•^r4 r 4 


3 3 

3 = "L,¥=k 


k=l 


for 1 < j < 8 , where 


Moreover putting 
for 1 < j < 3, and 
we can write (021) 


T = (ti,T2,T3,T4), i = ( 6 , 6 , 6 ,^ 4 ). 

as the following equivalent form 


/ X! T)Fvi(Ti,ii)rv^(T2, ^2)1 Fv3{t3, ^3)-7^('r4, ^ 4 ) 

Jr4 p 


4 

^ n 

i=i 


r4 

11 x 0 , 1 / 2 , 


(4.4) 
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where the multiplier M is of the form 

lAj,5l4C34#o(T^) ?) ■ 

The definition of the norm allows one to keep u and w by positive functions. 
Case {Ax). In this case, we see that 

I 62 I Nx, I 64 I Nxx, iV4 < max{iVi,iV3}. (4.5) 

By symmetry we may assume Kx > K 3 . By 611), we see that 

(ri+a>iei2iiei4i-ieiiiC3|. 

Using N 2 <C min{7Vi,iV3} and N 4 < maxjiVi, iV 3 }, we have the bound 
M(r ?) < __ 

^ (^3)2a-l/2(^4)2a-l/2- 

We group V 2 ,V 3 , V 4 together and apply (12.161) to control the contribution of (44i) 
to the left-hand side of (14. 4|) by 


4 

4=2 

for a > 1/4 and b > 1/2 — (2a — l/2)/3, which has the desired estimate. 

Case ( 242 ). We show that the estimate corresponding to (14.41) with replacing 
the integral and sum of areas that contributions by case ( 242 ). Symmetry prop¬ 
erties permits us to assume N 3 < N 2 ^ Nx- Since IV 4 <C iV 2 , we have iVi ^ N 2 
and 1^141 Nx. Therefore we have 

Mir.O < N^~^''max{Kx,K2,K3,K4y^^. 

We compress this bounds into the discussion presented in case (Ai), which shows 
that the contribution of the left-hand side of (14.41) is bounded by 


3 3 

c'^\\vk\\xO’^/^ H Ikillxo.t, 

k=l j=x,^k 


provided a > 1/4 and b > 1/2 — (2a — l/2)/3. 

Case (^ 43 ). In this case, we have N 4 ^ N 2 , |^i 2 | N 2 and |^i 4 | ~ N 2 which 
implies max{itr 2 , K 4 } > N^. By symmetry we may assume K 4 > K 2 . Then 
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Therefore, we are recast the estimate (14.41) by grouping vi,V 2 ,V 3 with the 
estimate given by (I2.16|) as 


3 

1=1 


provided a > 0 and h> Xjl — ajZ. 

Case {A4). This condition implies N4 < max{7Vi, A^a}. The argument anal¬ 
ogous to proof of case (A 3 ) shows that 




max{K 2 , K 4 }^^^ 
minjiVi, max{A^i, 


By symmetry we may assume K 4 > K 2 . Therefore, the contribution of left-hand 
side of (14.41) to this case is estimated, via (12.161) . by 


3 

c||w4||xo,i/2 Ikjllxo.o, 
1=1 


provided a > 0 and b > 1/2 — (2a — l/2)/3. 

Case (A 5 ). In the subregion where iVi > IV 3 , the convolution constrain 

^1 = 0 implies maxjA^a, A^i 4 } > iV 2 . Then 

< - - - Ymax{Ki,K2,K3,K4y^'^ 

N[N^NIN ^4 

^ max{Ki, K 2 , K 3 , K 4 y^'^ 

max{lVi, iV 2 , IV 3 , ’ 

forO<e< 1/2 — a sufficiently small. 

In the subregion when Ni < IV 3 , it follows that N 2 ~'^N 2 < N 2 N\~°‘. Then 
the same argument as above shows that 

M{t,0 < -^- -max{K4,K2,K3,K4Y/^ 

NI^N/N^N/^ 

^ max{A:i, Ar 2 , K 3 , ^ 14 }^^^ 
max{iVi, IV 2 , iVa, A^4piVf ’ 

for 0 < £ < 1/2 — a sufficiently small. As a consequence, the contribution of the 
left-hand side of (14.41) to this region, via using (I2.16L has the desired estimate, 
where a > 1/4 and b > 1/2 — 2e/3. 

Case (Ae). In this case, we have N 2 ^ N 4 max{A^i,iVa}, which implies 
iVi 2 ^ iVi 4 ^ A^ 2 - Then 




max{A:i, ATaji/^ 
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By symmetry we may suppose Ki > K 3 . We group V 2 V 3 V 4 in L^Li and estimate 
the contribution of this case to the left-hand side of (14.41) by 

c|| (£>x)"“wr \\v^{{D-^)v 3 )W\\ |, 

where 

TwiiT,0 = {T + ey^"j^V,iT,0- 

Using the Sobolev inequality, we have that 


\\{D^) “Wl||L2i4 < \\wi\\l 2 ^^ = ||ui 11x0,1/2 
for a > 1/4. On the other hand, by (12.101) and (12.111) . it follows that 


\\M{D^'')v3)v4L ^ 


< ||r;2|| ^ ^\\{D.r 

L?~ Lal + 


^3II 


U4 


Lf Li 


< 


n 11 ^/ 11 ^°’'’’ 

1=2 


for a > 1/4 -I- e/2, b > 1/2 — e/4 and 0 < e < 1/2. Then the desired estimate 
follows in this case. 

Case (idy). In this case region, we observe that N 4 ^ Nn which implies 


-p. ^ max/ATi, ^ 2 , X 3 , 

for e G (0, a— 1/2) small enough. By using (I2.16|l . we have that the contribution 
of this case to the left-hand side of (14.41) has the desired estimate provided a > 0 
and b > 5 — |- 

Case (Ag). In this case region, we observe that Ni ^ N 2 , N 3 ^ N 4 and 
Ni 4 ^ maxjiVi, 7 V 3 }. Then 


,^ max{Ki,K2,K3,K4y^'^ 

^ max{7Vi,Af2,iV4,^4}2“-i/2' 


(4.6) 


Therefore, we have that the contribution of this case to the left-hand side of 
(lia has the desired estimate provided a > 1/4 and b > 1/2 — (2a — l/2)/3. 
Case (idg). In this case region, we observe that 


^ N2 ^ N3 ^ N4 Ni2. 


The matter when fVi 4 > 7Vi is reduced to the proof of Case (Ag). Indeed, in 
such a case, M(r, ^) satisfies (14.6p . and we can repeat the argument presented 
above. Hence it remains to consider the situation that (by symmetry) 


Ni ^ N2 ^ N3 ^ N4 Ni2 > fVi4. 

We shall consider this case in Lemma [4.21 As a sequel, we complete the proof 
of Lemma 14.11 
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Lemma 4.2. Let s > 4/9 + a/9 and a > 1/4. Given dyadic number^ N, 
suppose that for all i S R, suppJ^Mj(i,0 C | (C) N} for 1 < j < 3. There 
exist c > 0 and e > 0 such that the following estimate holds 


E 

(i)^N 
3 


(?) 


2a 




J ^ 1.4(?, ?1, ?2, ?3)-^Mi(ri, ^i) J'5a;M2(T2, ?2)-^M3('r3, ?3) 


(4.7) 


< 


Ne 




. fc=l 


i=i.74fc 


k=l 


l=l,74fc 


where 


41 = {(?,?!, ?2,?3) G z" I 0 ^ max{|a + ? 2 |, |?i - ?|} « N}. 

Proof of Lemma It is convenient to use the notation from the proof of 
Lemma 14.11 We rewrite T 4 = —r and ^4 = —and localize the frequencies 
^ I?i 2 |, M 2 ^ |?i 4 | where Mi and M 2 range over dyadic numbers. Put 
Mmin = min{Mi,M 2 } and Mmax = max{Mi,M 2 }. Note that the identity 
(14.1|) implies that 

ina^{Ki,K2,K3,Ki} > |a2||?i4| Mi M 2 . 


By symmetry, we analyze two cases 
(Agi) Ki > M 1 M 2 , 


(^ 92 ) Ki P M 1 M 2 . 

Case (xdgi). The convolution relation ?i = 0 implies |^i 4 | = l^gsl- By 

symmetry, we may assume Mi < M 2 . Applying the Littlewoods-Paley inequal¬ 
ity, it thus suffices to show that 


E 


iV“ 


Mi<M2<Ar -‘‘^l -‘'^2 


E / l|«l2|~Mi(?l,?2)-^Wl('ri,?l)-^9a;M2(T2,?2)-Pa3(T3,?3) 


(4.8) 


i=i 


where Mj (j = 1, 2) range over dyadic numbers with Mi < M 2 <C N. Undoing 
the Fourier transform with respect to time variable first and spatial variable 
next (we may assume Uj{t,^) nonnegative for t G M), we bound the left-hand 
side of (14.81) by 


Mi < M 2 <iV -''^1 -'‘^2 


M E lkl 2 |-Mi(?l,? 2 )|wi(C?l)l| 5 a;a 2 (i,? 2 )| ) 1^3 (C ?3 ) I 


< 


E 


iV“ 


Mi<M2<7V ^^^2 


^ (E^IU2|-Mi(?l,?2)|Ml(L?l)ll'9xti2(L?2)| 


I^sIIl? (.4.9) 


^We use here a dyadic number to be a number N = 2^ where j G N. 
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Using the HausdorfF-Young inequality, it follows that the first term in (14.91) can 
be controlled by 


< 




€i 


i=i 


Inserting this into (j4.9p and taking sum in Mj reduced to showing that the 
left-hand side of (14.8p is bounded by 


ATS 


logiV||M3|li2^. \\Uj\\L<^H‘ < C^\\u3\\^Hi 11 


i=i 


1=1 


where e < 3s — a — 1. 

Case (^ 492 ). We use duality and will prove the following estimate 


/ TuijTi, ^i)Td^U2{T2, 

JTi 


(4.10) 






k=2 


for b > 3/8. Notice that the above estimate implies that the contribution of this 
case to the left-hand side of (IQ) is bounded by 

cAU+-2«M^/tlhillL?,. n \M\LlHi- (4.11) 

k=2 

Decompose each frequency with range Mmin, namely 

^ / ^■mi'n 

k=l 

where each uj^ has frequency with respect to ^ within the range Mmin- In the 
region when Mi < M 2 (the estimate in the case when M 2 > Mi is similar), 
there exists only one I = l(k) of U 2 ,i for each k of ui^k (only one m = m(n) of 
U 4 ,m for each n of it 3 ,„) such that 

^ wKC ^i)dxU2{t, 6)u 3(C 6)M4(t, ^ 4 ) 
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Undoing the Fourier transform, it follows that the contribution of this case to 
the left-hand side is bounded by 


c 


N/Mi 

'y ll'^l,fc(^) IIlJ ll'9a;U2,i(fc) ll^4,m(ri) ||l* 


^ II IIl 2£2 II ll^a:'*42,i(fc) (OIIlI 11^8^2 11 II'*43,n (0 II-L® 

and by Minkowski’s inequality, this is bounded by 


II 11^4,m(n) (0II-L* II ^,4^2 ; 


c||mi||l 2^ ||l|3a:M2,/(fe)WllL« I 


Ilhs.nWII 


LI 


L^l 


||m4 


,m(n)\\Ll^ 


f-l 


(4.12) 


Since by Hausdorff-Young’ and the decomposition of frequencies within the 
range Mi, we see that 

Wd.u^MMWLl < ^l|f^:7^(i)ll,2,|/^ < < iVMf/«||u2(t)|U2, 

and 

\\u?,,n{t)\\ilLl ^ ^i'^*I|w3(0IIM' 

Moreover by (12.81) , we see that 


1^4,m{n) IIl^ g 


< 




I|4i4,m(n) IIx°4/2 | 




ll'W4||x0.i>, 


for 6 > 3/8. Inserting these estimates into (I4.12L we have that (14.121) is bounded 
by 


cA^i+“-2sMi3/4||ui| 


.I|W4| 


X- 


3 


1=2 


which shows (14.101) . 

Now since ||mi||l 2 has two estimates, namely 


|wi||l?,, 


< 


^i72^1/2||Mi|Ix“.1/2, 


Taking the sums in M 2 (> Mi) and Ki > M^^M^^^, the contribution of this 
case to the left-hand side of (14.71) has two estimates 

ciVi+“-3^(log7V)M3/thi|lL?44^ n ll«fclli?//U (4-13) 

k=2 


and 


c 




’ log 


M 


1/4 


3 

n ii^iiii? 4 ^u 


1=2 


(4.14) 
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Interpolate (14.131) and (14.141) and taking the sum in Mmin ^ N, it follows that 
the contribution of the case when (A 92 ) to the left-hand side of (14.71) is bounded 
by 

3 

i =2 

for s > 4/9 -I- a/9, where 0 < e < (9s — a)/4 — 1. This completes the proof of 
Lemma 14.21 □ 

Proof of Lemma \4. 1\ Now we return to the estimate for the case when (Ag) in 
the proof of Lemma 14.11 Summing over dyadic number N in Lemma 14.21 we 
obtain that the contribution of the case (Ag) to the left-hand side of (14.21) is 
bounded by 

3 3 

-I- ||u/c||x<*.i/2) i\\Uj\\L^H‘ + WujWl^h^), 

k=l 


which leads to the result. □ 

A proof similar to the one of Lemmas 14.11 and 14.21 allows us to prove the 
following lemma which is a variant of Lemma 14.11 

Lemma 4.3. Let 4/9 -I- a/9 < s < 1/2 and a > 1/4. Then 


(0 




{r+e) 


(4.15) 




3 3 

< n ii^.iix-^+Ei.^ 

k—l j — k —1 j—l^^k 

3 3 


|ufc||xa,i /2 


k=l 




Proof. We repeat the argument in the proof of Lemmas 14.11 and 14.21 

In the region when K 4 A^i 2 A^r 45 we show the required estimates from 
the proof of Lemmas 14.11 and 14.21 with subtle variation. Indeed, using Holder 
inequality in r, it follows that the contribution of this case to the left-hand side 
of (14.15|) is bounded by 


II A^ll(ui, U2,U3)||x<»,-l/2 + e 


(r-bC2)i/2+e 




< IIAfii(ui,ri2, U3)||xo,-i/2+e(,4.16) 


for e > 0. By we see that 


max{A:i, ATa, K3} > N12NU > K4. 

In fact, using the trilinear estimate of (12.161) with b — i—£, we have the following 
strong enough estimate 


||Wl(ui, M2, 'a3)||x<*,-l/2 + e 
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3 3 3 3 

Ufc||jfa,i/2 

k—1 k—1 j—l^^k 

3 3 

+ '^\\uk\\L^H^ n (\\'^3\\LrH‘ + WujWi^SH^'^ : (4-17) 

k=l j=l,^k 

which holds for s > 4/9 + a/9, a > (1 + 6e)/4 and some 3/8 < b < 1/2. 

On the other hand, in the region when max{Ki, K 2 , K^} <C N 12 N 14 , one 
notices that 


Ki - lVi 4 iVi 2 < max{iVi, iV 2 , N 3 , N^}^. (4.18) 


We review and change the proof of cases when (Aj) for j = 2,3,4,5,7, 8 and 
(A 91 ). For each case of {Aj), j = 2,4, 5, 7,8, by (j4.18l) we modify the bounds 
of as follows 

(^ 2 ) < lVy"-"“+"max{iFi,iF2,if3,7^4}, 


(^ 4 ) M{t,0< 


max{X2,i^4}^^^ ^ 

min{A^i max{A^i ’ 


(A 5 ) M{t,0< 


ma,x{Ki,K 2 ,K^,K 4 }^^^ ® 


max{Wi,7V2.Af3,iV4}=Af|““^^^“*' ’ 


(^ 7 ) M{t,0< 


max{Ki,K 2 ,K^,K 4 }^^^ 


(As) M{t,0< 


max{Ari,Ar2.iV3.Af4}^“-^/^-= ’ 


for small £ > 0. It is not difficult to show that by the similar proof to the one 
in the case when K 4 <C IV 12 W 4 yields the result for a > 1/4. 

In the case when (A 3 ), one notices that 7^4 ^ 1V|. We use the Littlewoods- 
Paley decompositions for V 2 as follows 


U2{t,x) = y^U2,n{t,x), 

n 


where U 2 ^n(t,x) has the spatial Fourier support in the set |^| ~ n for all t G R. 
Also decompose (r + ^ m in the left-hand side of (I4.15F By the restriction 

A '4 ^ N 2 , there exists one m = m(n) for each n of U 2 ,n such that 


/^a -^^ii(m.^2,M3)('r,0 

(r + a 


< V 

, , ^w^\3-^^ll(«l,W2.n,U3)(r,0 



n 

rKi^m(nY\JA)\^) ^2^1/2 

Liq 

(r + e2)i/2 


Notice that the second term in the right-hand side is bounded by a constant. 
Reviewing the proof in the case when (A 3 ) of the one of Lemma Td. 11 it suffices 
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to prove that 


< 



y^M(g,T).Fz;i(Ti,gl)JrJi;;r(T2,g2)-^^3(T3,6)-^'t^4,m(n) (7~4,C4) 


4 

i=i 


(4.19) 


for any V 4 , G where Vj (j = 1, 3) are same as in the proof of Lemma l4.II 

and 


^V2,n{T,0 = {0°'^U2,n{T,0, J^V4,m{T,0 = ^{r+e)'-m{T, 0(0 

Using the same proof in Lemma HTTl we have that the left-hand side of (14.191) is 
bounded by 

lkl||xo.l>||w2.n||js:o,6||u3||xo,!.||w4.m(n)||xo.i/2, 

n 

for b > 1/2 — a/3, which is bounded by 

3 

c|k4||xo.i/2 Ikjlixo.o, 
i=i 

which yields the result for a > 0. 

In the case when (Agi) in the proof Lemma [4.21 we easily modify the proof 
as above and obtain that for small e > 0 the contribution of this case to the 
left-hand side of (14.151) is bounded by 


^ E 

Mi<M2 <^N 

which is bounded by 


N^+^Mi 


3 

1=1 


n ll^lUr 


fc=l./l 


H‘, 


c 

j\^3s—a—l—3£ 


3 

1=1 


3 

11 WuWl^H^- 
fc=l./l 


Then the result yields the desired estimate for s > (a -f l)/3. Therefore the 
proof is completed. □ 

As a consequence of Lemmas l4.1l and l4.31 we obtain the following proposition. 

Proposition 4.1. Let 4/9 -I- a/9 < s < 1/2 and a > 1/4. Then there exists 
3/8 <b < 1/2 such that 


\\Nii{ui,U2,U3)\\z’’^ 

3 3 3 3 

^ ^\\uk\\x-.^/^ n +EII 'u/c||x“4/2 H I|wiIIl8/4j 

k—1 k—1 j=l^^k 

3 3 

+ E ll'“'=lli?ffs 11 (ll’^ilUr-f^s + ll%lli?i?s) • 

k=l j=l,^k 
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The next lemmas contains nonlinear estimates for -/Vi 2 [u], and N 22 [u]. 

Lemma 4.4. For s > 0, we have 


3 

||iVi2(Mi,W2,W3)IU» < min H ' 

Proof. The proof is elementary, by using the fact that WfWz^ ^ ll/llL^if'*, Lx ^ 

and mr<{ 0 ^. ‘ □ 

Lemma 4.5. For s > 0 and b > 3/8, we have 

||-/V2l[u]||z= < ||M|lL2/i-«||M||xo.l>- 
Proof. By (12.9L we have that 

||-^2iM||z» < ||fV2l[M]||x*.-i/2+s ^ \\{DxyN2l[u\\\j^.l/3. 

Using the Leibniz rule with fractional derivative and (j2.8l) . it follows that 

for small £ > 0, which is bounded by c||M||i2^s||u||^o.i>) provided b > 3/8. □ 

Lemma 4.6. For s > 1/4 and b > 3/8, we have 

\\N22 [u]\W < \\u\\xsA\{Dxy'M^.Llf^ + (4.20) 

Proof. We start by using (1^ . 


I|-^22MIU'’ |l(^a:)*-^22M||^4/3. 

^t,X 

By Leibniz rule with respect to fractional derivative, we have that the contri¬ 
bution of |u|^u term in A^ 22 [w] to (14.201) is estimated by 

c\\{Dxru\\LiJ\u\\is^^. (4.21) 

Using (12.61) and Sobolev’s inequality we conclude that (14.211) is bounded by 

cWuWxsAliDxV^'^uA s/3- 

On the other hand, we have that the contribution of ^ f^‘ \u{t, 0)1'* dO^ u to 
(14.201) is bounded by 

c||M||L=ff»l|u|li-L4. 

By Sobolev inequality, this is bounded by 

□ 

Finally, we shall attempt to localize the estimates in ProDOsition l4.ll Lem¬ 
mas 14.4114.51 and 14.61 
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Proposition 4.2. Let 4/9 + a/9 < s < 1/2 and a > 1/4. Then there exists 
^ > 0 such that for any time 0 < T < 1 


\\Nii[u]\\z^ <T^ {\\u\\y^ + \\u\\l^hs)\ 

(4.22) 


(4.23) 

\\N2i[u]\\z^<T^\\ury., 

(4.24) 


(4.25) 


Proof. For the sake of convenient, we only prove (14.221) . The estimates (14.231) . 

(14.241) and (|4.25|) follow using Lemmas 14.4114.5l and l4.61 respectively. Let u gY°' 
be such that u{t) = u{t) on [—T, T], We revisit the proof of Lemma 14. II as well as 
Proposition l4.ll In cases when {Aj), 1 < j < 8, we have that the contribution 
of these case to ||WiM||z“ is bounded by 

for some 3/8 < b < 1/2. By (12.121) and (I2.13|) . this can be estimated as 

\\Nn[(/Tm\z'‘ <T^Myc.. (4.26) 

In case when (Ag), in a similar way as above, we have that the contribution of 
these case to ||A^ii[u]||z“ is bounded bjH 

+c||u||x«.i/2||XTw|li8ffj +c||XTw||L~ffj + HXT^lIH^) 

< T^iMY^ + \\uU^Hi)\\u\\l^^.. (4.27) 

Therefore, by (14.261) and (I4.27L we infer that 

\\Nll[u]\\z^ <T^ {\\u\\y. + \\uU^Hi)\ 

which holds for any u satisfying u{t) = u{t) on [—T, T]. Evaluate the infimum, 
then 

\\Nn[u]\\z^, <T^ {\\u\\y^ + \\uU^Hi)\ 

which complete the proof of (14.221) . □ 

^In case when ( 2 I 92 ), we use the advantage in II4.10I I that by 112.121 1 ~ 

/pl/ 2 -b-e||^^||^_^ £qj. 3 yg < f, < 1/2 and £ > 0 . 
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5 Multilinear estimates II 

In this section we shall formulate and prove several preliminary estimates 
that are needed for the proof of Theorem 11.11 

Lemma 5.1 (double mean value theorem). Assume f G C'^(R) and that max{\r]\,\X\} <C 
1^1, then 

l/(^ + r? + A) - /(C + 77) - /(C + A) + f{ 0 \ < |/"( 0 )|| 77 ||A|, 
where |0| ^ |^|. 

Proof. See O Lemma 2.3]. 

For J = (^i,^ 2,C3>^4) G n r4 with ^1464 7^ 0 , we let 

M,{0 = + + + 

Cl4^34 

We have the following local estimate for M 4 . 

Lemma 5.2. Denote by fV( 3 p 7 V( 4 ) the first, third, fourth biggest among 

l^jl (1 < j < 4), respectively. Let 0 < s < 1/2. 

O) If N(i) ^ min{|^i4|, |^34|} or A^(i) » max{|^i4|, |^34|}, then 

mm < (iV(i))2«-i. (5.2) 

(a) //max{|^i4|, |^34|} > A^(i) » min{|Ci 4 |, IC34I}, then 


(Hi) Assume that 

iV(i) = max{|Ci|, 1611, N(3) = max{|^ 2 |, |6|}, %) = min{|^ 2 |, IC 4 I}, 


or 


iV(i) = max{|C2|, IC4I}, N( 3 ) = max{|^i|, |^3|}, %) = min{|^i|, |^3|}. 

If N(i) » 11(3), then 

|M4(?)| < (iV(3))(lV(i))^*-^. (5.4) 

Proof. Put A^(2) the second biggest among |^j|. We have iV(4) ^ A^(2) because 
of Cl + 6 + 6 + ^4 = 0 on r4. Since Ci4 = -C23 and C34 = -C12, by symmetry 
we may suppose iV(i) = |Ci|. 

Case (i). We deal with the case when |Ci| < min{|Ci4|, IC34I} first- In this 
case, we easily see that 

— \2s+l 

1^4(01 < 
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In the case when |^i| > niax{|^i 4 |, IC 34 I}, one has |^i| |^ 2 | ICal IC 4 I and 

^ 1^4 < 0, ^ 1^2 < 0, ^26 < 0, ^ 2?4 < 0. We see that 

(6)^*6 + (6)^*e4 + + {^4^^ 

= ei2((6)^^ - (6)^^)+64((a)^^ - (C4)^^) 

+Cl3((e4)"^ - (6)"*) + ^14{{^2r - iil^) (5.5) 

+ 6 ( 6 )"^ + 6 ( 6 )"* + 6 ( 6 )^^ + ^ 4 ( 6 )^^ ( 5 . 6 ) 


By using mean value theorem, it follows that the term (j5.5ll is bounded by 

l62((6)"*-(6)"*) + 64((6)"*-(6)"*) 

+63((6)"* - (6)"*) + 64((6)"* - (6)"*)I 
< I64||64|(6)"*-^ 


Also using Lemma 15.11 (double mean value theorem), it follows that the term 
(1+61) is bounded by 

16(6)"* + 6(6)"* + 6(6)"* + 6(6)"*l 

= l6(6)"*-(6 - 64)(6 - 64)^* 

-(6 - 62)(6 - 62)^* + (6 - 64 - 62)(6 - 64 - 62)"*! 

= I64||62|(6)"*-'. 


These two estimates show that |M 4 ( 6 | 6 ( 6 )"*~^j which completes the proof 
in the case when (i). 

Case (ii). In the case when max{|^i 4 |, |^ 34 |} > |^i| » min{|^i 4 |, |^ 34 |}, by 
symmetry, we may assume that I 64 I > |6I > I 64 I and |6I ~ 161 6 max{|^ 3 |, |^ 4 |}. 
Since 


M4(6 


62(6)"* +64(6)"*+ 6((6)"* 


6464 


( 6 )"*) 


6 (( 6 )"* - ( 6 )"*) 


6464 


and ^34 = — 62 , by using mean value theorem, it follows that 


1^4(61 < (6)"*-' 


1(6)"*-(6)"* I 

1 64 1 


For the second term in the right-hand side, we divide two cases that | 6 I 
161 and that max{| 6 |, | 6 I} > min{| 6 |, | 6 I}. If 161 ~ 161) we again use the 
mean value theorem, while if max{| 6 |,| 6 |} ^ nrin{| 6 |, | 6 I}; we use I 64 I 
max{| 6 |, I 6 I}. Then the second term is bounded by cmin{( 6 )^'*“^, ( 6 )"*”^}) 
which completes the proof of the case (ii). 

Case (iii). In this case, we may assume that 

fV(i) = 161) IV( 2 ) = 161) 1^(3) = 161) IV(4) = 161) 


without loss of generality. We rewrite 

M4(6 = ^ 63(6)"* ^ 6(6)"* 


■ 6 ( 6 ) 


2s 


6464 


6464 


6464 
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We apply the mean value theorem to the first term. Since |f 34 | ^ |fi|, |^i 4 | ^ 
161, I 63 I = I 64 I <161, it follows that 

1^4(61 <|6l(6)^*-^ 

which completes the proof in the case (hi). □ 

We establish the following multilinear estimates. 

Lemma 5.3. For 1/4 < s < 1/2, we have 


X! ^4(6 6)w(t,6)w(t, 6)w(t, 6) 

r4 


1 s=T 
. s=0 


< 


\u{T)\\^ 


H ‘/^ 


ll^of 


H = /2- 


(5.7) 


Proof. By Lemma l5.21 we have 
|M4(6| < 

Using Sobolev inequalities L® and ^ along with the above 

inequality, we obtain the desired estimate. □ 

Lemma 5.4. Let s and a with 1/4 < a < s < min{l/2,3a/2}, and 0 < T < 1. 
Then there exists £ > 0 such that 


f Y] Mi{f)ul{t, fl)u2{t, 6)u3(t, 6 )w4(L 6 ) dt 


< 


\ U4 \\ Z - 


\Uj\\Y- 


(5.8) 


Proof. By duality relation (EU, it suffices to show that 



and 



^ M4(6ui(t, 6 )^^ 2 (t, 6 ) 4 ^ 3 (t, 6)^^4(t, 6 ) dt 

r4 


6 I|4'4||x“.-i/ 2 n ll6lk“,(5-9) 
1=1 


E^ 4(6 

r4 


-^4'l(n, 6)-^4^2 (t 2, 6)-^^'3('r3, 6) 


w(-6) 

( 6 )“ 


dT4 


6 Ikllf" n 

1=1 


where T4 = — (ti +T 2 + T3). 

First we consider (EH). Use the dyadic partition Nj ^ ( 6 ), Kj ^ {tj + 
I 62 I Ni 2 , I 64 I -^14 as in the proof of Lemma l4lT] Since by 

EH, 

max{iLi, 7^2,7^3, A^i2iVi4} > K 4 . 

then separate the integral and sum of areas into following two cases 

(Bi) max{K4,K2,K3}>K4, 
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(52 ) iVi2iVi4 > K 4 . 

Case (5i). By symmetry and convolution strain, we may suppose Ki > 
and Nj ^ for some 1 < j < 3. If ^ have that from (i)-(ii) in 

Lemma 15.21 

for s < 3a/2 and small e > 0. Taking in it follows that this 

contribution to the left-hand side of (15.91) is estimated by 


c||w4||x-.-i/2 




We use Plancherers identity, Sobolev inequality, this is bounded by 

3 3 

c\\V4\\xa.-l/2\\Vl\\xa.l/2 11 ^ | J'Uj | 11 < 11 ?;4 11 - 1/2 ||Uj||v<», 

i=2 ‘ i=i 

where we use Riemann-Lebesgue On the other hand, 

if Ni / .^( 1 ), suppose N 2 ^ lV(i) and use 

|M4(C)| < 

Taking J-;[(Ci)“-^-^(ri +C?)^|.F^;i|] in L^L-, .F[(6)“N] in L^Ll and 
in then we have that as same as above, this con¬ 
tribution to the left-hand side of (15.91) is estimated by 

3 

c\\v4x-.-u^ n 11 ^^ 11 ^“’ 

j=i 

for s < 3a/2. 

Case ( 52 ). Notice that at least two of four Nj are bigger than for small 
constant c > 0. In the region when three of four Nj are bigger than cfV(i), by 
Lemma [5.21 ((iVliil. we see that 

4 

^i^W4(c)i < ivfi^ < n 

i=i 

for s < 3a/2 and small e > 0. Using (12.161) . it follows that this contribution to 
the left-hand side of (15.91) is bounded by 


C|U4||jc<.,-i/2 


4 = 1 


< ||l'4||x<i.-i/2 q \\Vj\\x<^4/2. 
4 = 1 


In other case when two of four Nj are smaller than cA^(i) for small constant 
c > 0, separate the sum of area into two cases 
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(i? 2 i) N{i) ^ Nj and A^( 2 ) are occupied by a pairs of two odd or even 

numbers j, k, 

{B 22 ) otherwise. 

In the subregion when (S 21 ), we see that N 12 N 14 < which reduces 

that 

< n 

i=i 

for s < 3a/2 and small e > 0. In similar way to above, this contribution to the 
left-hand side of (15.91) has the desired estimate. 

In the subregion when (B 22 ), by Lemma Ini'), we see that 

4 

< ^a)“'^(3) < n 

1=1 

for s < 3a/2 and small e > 0. As above, this contribution to the left-hand side 
of (15.91) has the desired estimate. 

Let us prove the estimate (15.101) . Writing 

/ OO 

-OO 

and 04(0 = |ic(^)|, one can estimate the left-hand side of (15.101) by 

_ 1-^4©! _ TT X 


which by |M 4 (^)| <1, a > 1/4 and Sobolev’s inequality =->■ iL“ with a > 1/4, 
is bounded by 

cniia4ii.^<ikii.^nik4ik<., 

i=i 4=1 

as desired. □ 


6 A priori estimates 

In this section we prove the a priori estimates of solution that are needed 
for the proof of Theorem 11.11 

6.1 estimate 

In this subsection we will derive a priori estimates in the norm. 
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Theorem 6.1. Let s and a with 4/9 + a/9 < s < min{l/2, 3a/2} and a > 8/25, 
and u G (M, H°^) fl T/ be global in time unique smooth solution to o- 
{Ui. Then there exists a constant i5 > 0 such that for all N > 1, the following 
estimate holds for \t\ <T 

l|w(^)llJ^'’ ^ ||Mo||ff-(l + llwollffO + ll'“o||L2|k(i)llff" 

+T^ • ( 6 . 1 ) 

Proof. In order to discuss it, we first present a preliminary result. Let L[u]{t) = 
||u(t)|||j 3 , so that 

Hu]{t) = 

r 2 

where 7712 (^ 1 , 6 ) = ((Ci)^® + (C2)^®)/2. Note that 


- ^i)m2{fi,^2)Ht,^i)Z{t,^2) = 0 , 

Cez Ta 

since vanishes on the hyperplane + ^2 = 0. Note also that 

R-e^(0^"w(t,^)iiV22M(t,0 = ^)|'‘ = 0, 


and 

CGZ CGZ 

since real part is zero. Thus 


dtL[u]{t) = Re^(^)2®u(t,OiiVii[u](t,5) +Re^( 0 ^®M(i, 0 *^ 2 M(<, 0 - (6-2) 

CGZ cez 

Now we can write the first term as 

jez r4 

?12Cl4#0 


Using symmetrization rules 

(i) among two couples {^ 1 ,^ 3 } and { 6 ,^ 4 }, namely {^ 1 ,^ 3 } = { 6 ,^ 4 }, 

(ii) between ,^1 and ^ 3 , 

(hi) between ^2 and ^ 4 , 
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we compute 


=c m4i0u{t,^i)u{t,^2)u{t,^3)u{t,^4),{6.3) 

?ez Ti 

Ci25i4/0 

for some constant c, where 

m4(?) = 6(6)^^ + 6(C4)^^ + + C4(C2)^^ 

Integrating with respect to t, we see that 

Wnimh = holll,. 

+c [ Y iT^‘ii0u{t',^i)u{t',^2)^t',^3)u{t',^4)dt'{6A) 

r4 

Cl2?14/0 

+c f Re^(^)^®u(t',^)I7V2[u](t',^) dt'. (6.5) 

do jgz 


For (16.4L we will rewrite the ansatz w = e which implies that idtu+d^u = 

ie^^^^dtw and 

u{t, ^i)u{t, 6)w(i, ^4) = Ci)w{t, ^2)wit, ^3)wit, (4). 

Therefore using integration by parts it follows that 


/ Y ’^4(0w(i',6)u(t',6)M(i'.6)u(t',^4)dt' 

J 0 

Ci2Ci4540 

= -2z ^ M4{1) 


Ti 

Ci25i4540 


e ^l)w{t', ^ 2 )w{t', ^ 3 )w{t', ^ 4 ) 


t'=t 

t'=0 


/ X! ^4(0e ^w(t',^i)w{t\^2)w{t\^3)w{t\i4)^ dt' 

^ 0 p^ 

?12€i4540 

= Fi[u\{t) + F 2 [u\{t). 

From u = e**®*w, we may thus 

Fl[u]{t)=C Y Fl4{l) u{t',^i)u{t',^2)^t',^3)u{t',^4) 


Ti 

^12^14^0 


t'^t 


J t'^0 


and 


F2[u]{t) = cY [ Y 

k,i=ido r4 

512 ^ 14/0 


^4(0 n Ffkl[u]{t\^rn)^t',in) ^p) 

(m,n) = (l,3) P=2,4 


dt' 
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+c 


2 

E 

k,l^l ' 


E 

-24i4/0 


(m,n) —(2,4) 




p=l,3 


dt'. 


Also for (j6.5p . we put 


^3 MW 


fez 


Then 

IMWIIlf, < lluollff. +^FjMW- 

f=i 

Combining Proposition 14.21 Lemma 15.31 Lemma 15.41 (12.ip and (12.2p with the 
arguments used in the proof of Proposition 14.21 we see that there exists <5 > 0 
such that for \t\ < T 

< IMolll^. + IMWIlW + IMollW 

+riu||f.. + IMIW»). (6.6) 

For the term ||u(f)||'^ 3 / 2 , separating out spatial frequencies into high and low 
components and using conservation law, we have 

^ \\P<Nu{t)\\jp^/2 + \\P>Nu{t)\\jjs/2 < Af'*/^||uo||L2 + j^^-j^\\P>Nu{t)\\,{G-7) 

which by choosing = (||u(t)|Ms/IMollL 2 ), is bounded by 

Finally, by inserting this into (j6.61) and taking square root, the desired estimate 
(|6.11) follows. □ 


6.2 estimate 

Our result in this subsection is the following theorem. 

Theorem 6.2. Let s and a with 4/9 + a/9 < s < min{l/2, 3a/2} and a > 8/25, 
and u S C°“(K, iL°“) (~l be a time global solution to U.1\) - U.S\) . Then there 
exist constant (5 > 0 and e > 0 with 6 > e such that the following estimate holds 

IWWy^f^T ®||uo|Ma + + llullf-a + IMIlya^ . (6.8) 

Proof. We consider the integral equation associated to (11.11) - (11.21) . Let u G y°° 
be such that u{t) = u{t) on [—T, T]. Establishing the equation (ll.ll) - (jl.2p in the 
Duhamel form, it follows that u{t) and u{t) solve 


2 t 

(j)T{t)u{t) = (l3T{t)e"*^''^Uo+ ^ (jjrit) / e*(*“®)^-^T(s)^feiMTM](s)ds, 

7 . ?_ 1 ^ 0 


k,l^l 
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on |i| < T. Set the right-hand side by ^{u), 

k,l=l 

We observe that (j)Tu{t) = XTu{t) on |t| < T and 

||m||v« < ||0Tn||y“ < ||</>Tn||y“- 
Using (j2.3l) . (12.41) . (12.131) and (j2.14|) . it follows that 

2 

llwllv" < ll‘i’(M)||Y- < cT~^\\<j)\\H’‘ + cT~^ ^ \\(t)TNkl[4>Tm\z'‘- 

k,l=l 

By Proposition oi we see that there exist positive constants (5 > e > 0 such 
that 

IkllW ^ ^ (\\ xtu\\%^hs + ||(/)Tn||Y<* + ||</’rw||ya^ . 

We use the fact that WxtuWl^h^ = and take the infimum condition 

u = u on \t\ < T to obtain 

ll^ll W ~ ^ + IIwUy^ + ||n||Y-“) , 


as desired. □ 

6.3 \\P>nu\\l^h- estimate 

Define smooth upside-down Fourier multiplier on the Fourier transform side 
as follows 

P>nu{0 = ■ 

Let us quickly review the proof of Theorem 16.11 in Section 16.11 If we considered 
the a priori estimate of ||L’>Aru(t)|||js, the multiplier Mi{^) defined in (jS.ip 
would be replaced by 

IT 

-■ 

4i4?34 

Then it is very convenient that one could use M 4 (^) instead of in the 

argument in Section [5l The following estimate would follow by a variant of the 
proceeding arguments: 

\\P>N'u{t)\\H‘‘ ^ \\P>N'^o\\h-> + l|-P>Ar/10^(OllffV2 lk(0llffV2 + ll-P>Af/10“o||^f^/2 ||mo||^s/2 
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for some e > 0. Choosing C > 0 large, and taking the square root (if needed 
reformulate N with iV/10), it follows that 

\\P>Nu{t)\\H^ < ||C’>C7V'ao||ff* (1 + lluollff'’) 

+ j;^\\P>CNu{t)\\H‘\\u{t)\\H-/^ 

+ ^ (||^IIy“ + \W\\l^H‘ + : (6-9) 


on t G [—T,T] and for all iV > 1. 

6.4 A priori estimates 

As a consequence of subsections 16.11 and lOl we shall show some a priori 
estimates for solutions of (frTt-lfT^. 

Theorem 6.3. Let s and a with 4/9 + a/4 < s < min{l/2, 3a/2} and a > 8/25, 
and u{t) G be a unique time global solution to U.l\) - U.^) with small 

||uo||l 2 norm. Then there exist a positive time T = r(||uo||//o) >0 and positive 
constants e, rj such that 


\\u\\L^H^^+T^u\\r.<C, (6.10) 

\\P>nu\\l^H‘< < C\\P>cnuo\\h'> + ( 6 - 11 ) 

for all N > 1, where constants C depend only on ||uo||_f/s and T. 

Proof. From Theorem 16.11 we have that there exists e > 0 such that ||uo||l 2 < 
e <C 1 and 

\\u\\l-H^ < |ko||i/^(l + IIU0IU2) +T ^/2 {\\u\\L-Hi + , 

where the term ||u(t)||//s||uo||L 2 in the right-hand side of (IQ) is absorbed by 
the term on the left-hand side of (16.11) . Combining this and (|6.8|) , one can choose 
T > 0 so small that the estimate (16.101) for some C > 0, since by bootstrap and 
continuity arguments. 

The estimate (16.lip follows by subsection 16.31 □ 


7 Proof of Theorem 11.11 

We now prove Theorem 11.11 Fix M > 0 and T > 0 to be chosen later. 
We construct a solution by a compactness theorem. Given uq G i?®, we choose 
uo,n G iJ® satisfying uo,n —>■ uq in iJ®. Let now M > 0 so large with < 

M and ||uo||i?» < M for all n. Let Un be the time global solution of (ED 
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corresponding to the initial data uo,n- It follows from Theorem 16.31 that there 
exist T' S (0,T] and C > 0 depending only on ||Mo||ff« such that 

\\u„\\l^,H- + < C, 


and 

C 

\\P>NUn\\L^,H‘ < C\\P>CNUo,n\\H‘ + 

for all n G N. Passage to the limit and applying the compactness theorem, we 
deduce that there exists a solution u of (fTTH-ira satisfying 

(ll«" - + \\Un - = 0, 

+ ||w||r“, < c, (7.1) 

and 

\\P>nu\\l^,H‘ < C\\P>cnuo\\h‘ + (7.2) 

Now we will prove u S C{[—T', T']; i7®). Let > 0 be so large. We divide u{t) 
into a low frequency group P<Nu{t) and a high frequency part P>Nu{t). Since 

by (IZ3D, we have 


\\P<nu\\y^, < ciV*-“||zr||y., < 

From C'([—T', T']; i7®) ^ Y^, in Remark l2.ll it is easy see that P<nu G 
C'([—T', T']; 77®). Combining this with (17.21) . we obtain the estimate 

limsup ||u(t) - M(to)||H'» < lim ||P<Ar(u(t) - M(to))||//'= 

t-s-to *“*■*0 

+2||P>ArM||L~H« 

for all to G [—T',T']. By letting TV —>• oo, we conclude limt_).to \\u{t) — M(to)||ff'’- 
Hence u G C{[—T', T']; 77®), which completes the proof of Theorem ll.il □ 


8 Proof of Theorem 11.2 

In this section we present the finite dimensional approximation of the solu¬ 
tion to (11.11) in 77® n with 1/4 < s < 1/2 < si and 2 < p < 4. 

Throughout this section, it is assumed that /i in p.3l) is the function with 
respect to t, namely p[M](t) = \\u{t)\\‘j ^2 /2 tt. 
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We first recall the finite dimensional approximation equation (ll.5l) - (ll.6l) that 
was derived in |12) . A similar computation that in Section 3 would allow us to 
rewrite (fT3])-(fm as the following form 


2 


idtu^ + dlu^ = P<N ^ Nki[u^], 

(8.1) 

k,l=l 


t=0 = Uq = P<nUo, 

(8.2) 


where we replace ^ by /tat = ||(/<Ar||^2/27r at the coefficient of the nonlinear term 
N 21 in (13.31) . 


8.1 Multilinear estimates III 

Now we recall the trilinear estimates obtained by Griinrock and Herr in m 
Lemmas 2.4 and 2.5]. 

Lemma 8.1 m)- Let 2 < r < p < 4. Then, 

II Aii(mi, U 2 , M3)II21/2,>• < ||uiII^1/2,1/2IIU2II yi/2,1/2 IImsII^1/2,1/2. 

P1 2 '■7’, 2 P1 2 

We prove the following variant of Lemmas 14.11 and 18.11 

Lemma 8.2. Let 1/4 < s < 1/2. There exist b < 1/2, 2 < p < 4 and e > 0 
such that 

\\Nii{ui,U2,U3)\\x‘>-i/2 < ^ ||Ufc||A:».i/2||Mj||xi/‘‘+=.'>l|M/||A:i/"‘+=,<’ 

{fc,/,i}={ 1 . 2 , 3 } 

3 

+ X! l|wfellxi/ 4 +e,i/ 2 ||Mj||A:'»,i>l|Mi||xi/'‘+=,i> + ^minJ|uj||x-.i> 

{k,j,l}={l,2,3} 

Proof. We repeat the proof of Lemma 14.11 Under the same notation as in the 
proof of Lemma 14.11 we consider 


(0^ 

(r + e2)i/2 


E 

(5-5i)(?-?3)=o 




, (8.4) 




and distinguish the integral and sum of the areas into nine cases Aj, 1 < / < 9. 

In the cases when Aj, 1 < j < 8, the same proof as that in Lemma [4.11 
shows that the contribution to these cases to (18.4p is bounded by 


c ^ \\Uk\\x-n/ 2 \\Uj\\xl/‘i+e.b\\ui\\xl/‘i+e.b+C ^ ||Ufc||xl/4+e,l/2||Uj 

{fcj.;} = {l,2.3} {k,j,l} = {l,2,3} 


(8.3) 


^ 1 / 2 ,b. 

p,2 


IU'»,'>l|Mi||xi/4+<i,l>, 


for s > 1/4, which is the desired estimate. 
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On the other hand, in the case when Ag; since ( 0 “l^ 2 | niini<j< 3 (^j)“ 0^=1 
and for l< j,k < 3, we may freely rearrange the trilinear el¬ 

ement functions Uj, 1 < j < 3 in 7Vi(iti, U 2 , M 3 ). More precisely, it suffices to 
show that the contribution of this case to (EH) is bounded by 

3 

c min ||uj||x..i. TT ||Mfc|| 1 / 2 , 6 , 

1<7<3 P,2 

fc=i.5^i 

but this follows from Lemma eM by choosing r = 2 . □ 

Analogous to Proposition we have shall need the following estimates on 
A^fei[M] for 1 < j,k <2. 

Proposition 8.1. Let 1/4 < s < 1/2 < si and 2 < p < A. Then there exist 
( 5 , £ > 0 such that for any time 0 < T < 1 




(8.5) 


l|iVl2Mb-<TiM||3;.p||M||j4/2.p, 

(8.6) 


l|fV2lMb-<r'||Mb^||M||^0, 

(8.7) 

and 

l|fV22M|U-<TiMb^||M||y/4, 

^ T 

(8.8) 

where ||u|| 

= |Mb-V4+e + |m |yV2.p. 



Proof. The estimates in (18.71) and (18.8|) follow by Proposition 14.21 where we 
use the fact that from ^ ^ provided p > 2. In (18.711 . we use 

T[uKt)<\\uryO. 

We will see that (j8.3|) implies (18.51) by the same argument as in the proof of 
Propositions 14.11 and 14.21 

Finally, for the estimate (18.6L by ^ Z^’P it follows that 

which by £p ^ £°°, is bounded by 

c\\u\\y^.p\\u\\l,/2,p. 

Again the same argument as that in Proposition 14.21 gives a gain of factor, 
which completes the proof. □ 

We easily have more general estimates as follows. 

®It was shown that 1111 Lemmas 2.4 and 2.5] hold with b = 1/2. But in the case when Ag, 
the contribution of this case to II8.4I I holds for the extremal case fe < 1/2. 
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Corollary 8.1. Let 1/4 < s < 1/2 < si and 2 < p < 4. Then there exists 5 > 0 
such that for any time 0 < T < 1 




U2 \\y^ max||Mj|l 
J = l ,2 


2 


||iVi 2 H-iVi 2 Hb-<Tiui 



,,1/2,PI 


||,/V2i[mi] — ,^V2l[w2]||2:J’i’ ^ T^\\ui 


U 2 \\y^ max ||uj 11 ^ 0 , 

J - 


anc? 


||iV22['Wl] — N22[u 2]\\ Zf’’ ^ 


U 2 ||k^ max IImjII 

J= 1.2 



8.2 Proof of Theorem 11.21 

We now prove Theorem 11.21 Fix 1/4 < s' < s < 1/2 < s'^ < si and e > 0 
such that s' > 1/4 + e and s'^ > 1/2 + 6:. 

First we recall the local well-posedness result for p.lll - (ll.2p in il® fl 
We define the set 

A = {uGYSny^^\ < m] , 

equipped with the distance 


|||mi - M2|||s,si,r = ||wi - U2\\Yf + ||ui - U2||y»i, 

where M > 0 and T > 0 are chooses later. 

For uo £ H" (1 we define the operator 


'^[u](t) = ^ j ^'^^^(j)T{s)Nki[u]{t') dt'. 


k,l^l 


As a consequence of Lemma 12.11 Lemma 12.31 Proposition 14.21 Proposition 18.11 
Corollary 18.11 combining with the argument in subsection 16.21 we deduce that 
there exist J > 0 such that 


|||4'[u]|||s,si.t < c||uo||ij»n.FL"i'P + cT^M^{l + M^), 

III^M - ^HllU.si.r < cT^lWui - U2 \\\s,.,,tM^{1 + m2), 

for u, ui, U 2 £ A. Setting M = 2c||uo||ff«n.?'L'*i’r and T such that 2cT^M'^{a-\- 
M2) < 1, we have that T defines a contraction map on A. Therefore the 
Cauchy problem (iLTt-lfT:^ is well-posed in the time interval [—To,To] where 
To = (||uo||//i/4+ep|_p2.i/2+e,p)“^ for some e' > 0. Analogously we can prove that 
the Cauchy problem (|8.1|) - (j8.21) is well-posed in the same time interval. 
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Next we observe that 


{idt + d^) [u{t) - ^^(0] = X! ^ {^ki[u] - . 


fe,Z=l 


fc,Z=l 


Break the time interval [0,T] into discrete intervals of size Tq, and put tj = 
JTq, 1 < j < TjTo. From the estimates in Lemma ETTl Lemma 1^751 Proposition 
14.21 Proposition 18.11 Corollary 18.11 it is easy to see that 


ll|u-W llls'.si.ti < +ti\\\P>^u\\\s<^s[MMU^ + Mf) 

+tj|||M — \\\s'+ M^), 

where Mi = max{|||M|||5/_s/^_tj, |||u'^|||s,si,ti}- From the local well-posedness 
theory as above, one has 

I I I'f^l I |s',Sj,ti ^ ^ 

Since ||P>Arno||^.,n^^.'.p < yl 7 Vmax{.' 


for ti = To ^ 
choosing ti > 0 small we obtain 


.N\ 




.N\ 


\'^ 11 |s',s^ 5 


for some constant c > 0, which yields 

The iteration scheme can be used directly to obtain 




< 


..N 


^ ^ Ills',s^,ij 


< 2 ^ 

tj ^ ^ 

^ 2 T) -s,si-si} 

< C'iexp[C' 2 (l + 

as long as the right-hand side remains less than 1. This leads the result. □ 
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